The paper examines how the Balassa-Samuelson hypothesis is affected by a modern variation of the standard model that allows product differentiation (within the traded and nontraded goods sectors) with the number of firms determined exogenously or endogenously. The hypothesis is found to be fragile in the modified framework. Small variations in the elasticity of substitution between home and foreign traded goods (within the range of estimates suggested in the literature), for example, can make the effect of a traded-goods productivity improvement on the real exchange rate negative or positive as well as small or large. This result provides a potential explanation of the mixed empirical results that have been obtained on the relationship between productivity and the real exchange rate.
Introduction
One popular and enduring explanation of how sectoral productivity changes affect the real exchange rate is based on the well-known analysis of Balassa (1964) and Samuelson (1964) . 1 The basic version of this analysis assumes that the purchasing power parity holds for traded goods, and predicts that an improvement in the relative productivity of traded to nontraded goods in a country vis-a-vis its trading partner will increase the real value of its currency via an increase in the relative price of nontraded to traded goods. The time-series evidence in support of this hypothesis, however, is mixed (e.g., see Rogoff, 1996) . 2 Short-run deviations from the Balassa-Samuelson effects could arise from nominal rigidities. However, even in tests that focus on the long-run effects, the Balassa-Samuelson model does not fare well in several respects. There are long-run departures from the purchasing power parity for traded goods (Canzoneri, Cumby, and Diba, 1999) . 3 Estimates of the effect of the traded-goods productivity differential on the real exchange rate, moreover, tend to be smaller than that predicted by the theory, and in some studies are insignificant or have the wrong sign. 4 This paper examines whether the mixed results on the Balassa-Samuelson hypothesis can be explained by a variation of the model that introduces differentiation between home and foreign traded goods along the lines of Armington (1969) and Krugman (1980) . This modification is suggested by new open economy macroeconomic models and can account for long-run departures from the traded goods purchasing power parity. The paper develops a basic modern version of the Balassa-Samuelson model, in which differentiated traded and nontraded goods are produced under monopolistic competition using only one factor, labor. To examine the long-run effects, the model is solved for its steady-state equilibrium. In this model, the adjustment of the terms of trade (the price of exported varieties relative to imported varieties) can significantly alter the effect of productivity changes on the real exchange rate.
The role of terms of trade changes in transmitting productivity shocks to the real exchange rate has already been examined in DGE models of open economies. A consensus has not emerged, however, on how the terms of trade and the real exchange rate respond to an improvement in the traded-goods productivity. In a DGE models of an open economy (calibrated to UK-Euro area), Benigno and Thoenissen (2003) find that an increase in the traded-goods productivity causes a deterioration in the UK terms of trade, which is sufficient to offset the effect of the productivity-induced appreciation in the relative price of nontraded goods and lead to a decrease in the real value of Sterling. In contrast, Corsetti, Dedola and Leduc (2004) develop a model (calibrated to the US economy), in which higher productivity in the traded goods sector, in fact, improves the terms of trade and thus enhances the effect of the relative price of nontraded goods on the real exchange rate.
A primary goal of this paper is to explore the conditions that determine the sign and the magnitude of the effect of a productivity improvement in traded goods on the terms of trade as well as the real exchange rate. The elasticity of substitution between home and foreign traded goods (the Armington elasticity) plays a key role in determining these conditions. The paper's analysis identifies three critical intervals for the Armington elasticity. An increase in the traded goods productivity increases the real exchange rate in the low and high intervals, but decreases it in the middle interval. This result arises because the productivity increase improves the terms of trade in the low interval, thereby reinforcing the Balassa-Samuelson relative price effect; worsens the terms of trade in the middle interval sufficiently to more than offset the relative price effect; and causes a smaller term-of-trade deterioration in the high interval, which only partially offsets the relative price effect.
A quantitative version of the model with reasonable parameter values is used to identify the critical values of the Armington elasticity that separate the three intervals.
We find that the borderline value between the middle and high intervals (but not the one between the low and middle intervals) lies well within the range of estimates of the elasticity suggested in the literature. This finding implies that Balassa-Samuelson hypothesis is fragile in that small variations in the Armington elasticity within a plausible range can make the effect of the productivity improvement on the real exchange rate negative or positive as well as small or large. This finding provides a potential explanation of why tests of the Balassa-Samuelson hypothesis produce mixed results.
Following the standard DGE models, the paper's basic model assumes that the number of varieties is fixed. However, the paper, also considers a variation that allows endogenous determination of the number of varieties. This variation introduces an additional channel in the transmission of productivity shocks to the real exchange rate.
The role of this channel has been examined by a number of recent papers within models that include only traded goods. Allowing productivity to differ across firms, Ghironi and Melitz (2005) show that a shock to aggregate productivity causes (via entry and exit of firms in the domestic and foreign markets) persistent departures from PPP that are similar to the Balassa-Samuelson effects. Corsetti, Martin and Pesenti (2007) examine the implication of the endogenous variation of number of varieties for the welfare effect of productivity changes under the traditional assumption of symmetric firms in each industry.
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This paper also assumes symmetric firms, but uses a model with nontraded as well as traded goods to explore how the adjustment in the number of varieties influences the relation between traded-goods productivity and the real exchange rate. The paper finds that the entry or exit of firms in the traded and nontraded goods sectors strengthens both the terms of trade and the relative price effects of productivity changes. The productivity effect on the real exchange rate with endogenous number of firms tends to be smaller within the middle interval for the Armington elasticity, but greater within the high
interval. The quantitative analysis shows, however, that the endogenous determination of the number firms does not significantly change the results or the fragility of the BalassaSamuelson hypothesis.
The basic model and its variations are discussed in section 2. Analytical solution of the model (based on linear approximation around the initial steady state) is used in section 3 to identify key factors that determine the effects of productivity changes on the terms of trade and the real exchange rate. Quantitative analysis is then undertaken in section 4 to explore the signs and magnitudes of these effects to variations in the values of key parameter within plausible ranges.
Model
We consider a 2-country model with differentiated traded and nontraded goods and one factor, labor, which is perfectly mobile between the two sectors. The equations of the model for the home economy are discussed below. Symmetric equations are assumed for the foreign economy with an asterisk used to denote foreign variables and parameters.
The lifetime utility of a representative household is given by [ , ] Our model allows for international financial transactions, but following the standard approach, we assume that there exists a debt-dependent transaction cost or a risk premium that induces a unique steady state with zero net foreign assets.
As the paper is concerned only with the long-run effects, we do not explicitly model the dynamics that would arise from nominal rigidities or international borrowing or lending. Therefore, we focus on the conditions required for steady-state equilibrium (since the time subscripts are not needed, they are omitted). 6 All prices in the model are defined as real prices in terms of C for the home relations and * C for the foreign relations. The real exchange rate is defined as the relative price of C to * C (i.e., the real value of the home currency).
The single-period utility is assumed to be of the form:
with C given by the following CES index:
where N C and T C are consumption baskets for the differentiated nontraded and traded goods, and ν is the elasticity of substitution between these baskets. The traded good basket is also assumed to be a CES index as follows:
where H C and F C are consumption bundles of domestic and foreign varieties of the traded good and η is the (Armington) elasticity of substitution between the home and foreign bundles. The nontraded good basket and the traded good bundles are defined as The production functions for traded and nontraded varieties are
where ( ) Optimization by households leads to the following standard conditions:
where w denotes the real wage rate; ( ) 
Optimal price setting by firms implies that
where q is the real exchange rate and * ( ) H p j is the real price of the home variety in the foreign market (in terms of * C ). Each firm's output equals the demand for its variety:
As net foreign assets equal zero in steady state, we also have balanced trade:
We consider two variants of the model. In the first variant, we make the standard assumption that the number of firms in each sector is fixed. The labor endowment constraint in this case is
In the second variant, the number of firms is determined endogenously in each sector. For this case we assume that fixed amounts of labor equal to / Entry or exit of firms in each industry ensures that the price of each variety also equals its average cost. Thus
The endowment constraint is now revised as
3.
Analytical Solution
To solve for the response of the real exchange rate to productivity changes, we use Letting a hat over a variable denote the log deviation from its initial steady state value, using (11) and the third equation in (14), we can express the rate of change of the real exchange rate as Even without home bias, however, the present modified model differs from the standard model in two important respects. First, the traded good bundle includes imported goods (that are not produced domestically), and thus the terms of trade also affect the relative price of the nontraded good in each country. Using the second equation in (11), we can decompose the rate of change in the nontraded-traded goods price ratio in the home economy as
Second, the price indexes for the nontraded and home traded goods depend on the number as well as the prices of the varieties of each good. We can use (13) and the first two equations in (14) to state the relative price of the nontraded to home-traded good as
Now use (21) and (22) and the foreign counterparts of these equations to restate in the number of varieties in each sector.
Fixed Number of Firms
In this case we let 
where ( + , which value is less than 1/ 2 (since 1 β < ).
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To determine the total effect (i.e., the direct plus the indirect effect via the terms of trade) of a productivity change on the real exchange rate, use (24) to substitute for the value of τ in (23), and let supply. 10 The sign of Δ reflects the slope of the world excess demand curve for the home traded good, which depends on the relative strength of the wealth and substitution effects of change in its price relative to the foreign traded good. A lower value of η decreases the substitution effect while a higher value of β gives more weight to the (negative) home wealth than to the (positive) foreign wealth effect. 
Endogenous Number of Firms
In this case, productivity changes also bring about changes in the number of varieties by inducing firm entry or exit. The appendix shows that the model can be solved for τ , ˆĤ N n n − and *F N n n − as follows:
11 The Balassa-Samuelson model can be viewed as a special case of the paper's model with η → ∞ , in which case the terms of trade effect approaches zero. 12 Note that in the neighborhood of the critical value, the terms of trade effect is very large since Δ is close to zero.
( 1)( 1)ˆ( )
where 1 ( )(1 ) (1 ) good price channel [this effect is reflected in the fourth term of (23)], but could lower it via the terms of trade channel. In the quantitative version below, we examine how the productivity effect under endogenous number of firms differs from that under a fixed number of firms over a plausible range of parameter values.
Quantitative Analysis
In this section, we use a quantitative version of the model to examine how different parameter values influence the effect of productivity changes on the terms of trade and the real exchange rate.
14 We focus on variations in η , as this parameter plays a critical role in determining the sign and magnitude of the productivity effect. We first discuss our For our sensitivity analysis, we let β , ν , θ and μ vary over a wide range of values.
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We assume a symmetric case where the home and foreign countries are of equal size, and normalize the initial steady state values of C and * C to equal one. 16 However,
as (24) suggests, the results are not sensitive to this assumption, and would also apply to a pair of countries of unequal size as long as the share of nontraded goods and the home 14 The nonlinear model is solved for the initial and the new steady state (after the productivity change) using the DYNARE program. 15 As the value of N χ is representative of the consumption share of nontraded goods for many countries, and σ is broadly consistent with estimates of the markup [which equals /( 1) σ σ − ], we do not examine variations in these parameters in our sensitivity analysis. 16 Given these normalizations and the choice of parameter discussed above, the value of ψ is determined by (7) and (14), and values of H φ and N φ by (14) and (18) when the number of firms is endogenous.
bias is the same. 17 As the traded goods sector is generally thought to be the key source of productivity improvements, the discussion of results below focuses on the effect of a permanent 10% increase in H A . 18 The 10% increase allows us to examine the effect of a large productivity increase in a nonlinear model (which may not be accurately captured by linear approximations discussed above). is positive below and negative above this critical value. In both regions, the elasticity increases in η , but its absolute value becomes very large as η approaches the critical value from below or above.
Baseline Results

Let ( , )
19 A value of η close to the critical value would thus imply much volatility in the terms of trade and the real exchange rate.
17 Given balanced trade, the same home bias would, however, imply different shares of imports in aggregate consumption for the home and foreign countries in the asymmetric case. 18 As (25) indicates, the effect of a 10% increase in * F A would be symmetric but opposite in sign. 19 The Corsetti-Dedola-Leduc case of the terms of trade improving in response to an increase in home traded-goods productivity requires a value of η below the critical level. Note, however, that the critical value of the substitution elasticity between home and foreign goods would be higher in their model because of distribution services which drive a wedge between producer and consumer prices.
Calibrations of new open economy models tend to assume a value for this elasticity between 0.5 and 1.5. 20 Interestingly, this range excludes the values for which ( , )
positive or has a large absolute value. The productivity effect on the terms of trade is negative and not too strong for η greater than 0.5. However, it is still possible that the terms of trade effect would be sufficiently strong to more than offset the effect via the relative price of nontraded goods, and produce the result that traded-goods productivity improvement at home decreases the real value of the home currency. H q A Ε is lower for model 2 than model 1 for η below the borderline value (where the terms of trade effect is relatively strong), and higher for model 2 than 1 for η above the borderline value (where the terms of trade effect is relatively weak). 20 Estimation of macroeconomic models typically yields an estimate of the elasticity close to the lower half of this range (e.g., see Bergin, 2004, Lubik and Schorfheide, 2005) . Estimation of international trade models based on data at a disaggregated or multi-sectoral level (e.g., Hertel et al, 2004) leads to estimates of the elasticity that are much higher than the range assumed in macroeconomic models. 21 We exclude the 0-0.5 interval, in which the effects are very large close to the discontinuity. 
Sensitivity Analysis
We next examine the sensitivity of results to a number of variations of the baseline case. We let β vary from 0.2 to 0.8 and ν from 0.5 to 1.5. For both θ and μ we consider a range of values from 1 to 5 (which implies a range from 1/3 to 1 for κ ). The results of this sensitivity analysis are summarized in Table 1 
Concluding Remarks
The paper revisits the classic Balassa-Samuelson framework to explore how productivity changes affect the real exchange rate in a model that modifies the standard version to incorporate product differentiation based on the specifications of Armington and Krugman. In this model, a productivity improvement in the home traded goods sector increases the relative price of nontraded to (domestically-produced) traded goods, but has an ambiguous effect on the terms of trade. The real exchange rate appreciates in response to an increase in both the relative price and the terms of trade. Thus if the productivity improvement leads to lower terms of trade, the real exchange rate can appreciate or depreciate depending on whether the relative price effect outweighs the terms of trade effect or not.
The paper explores the conditions which determine the signs and the magnitudes of the two effects. Its analysis shows how the response of the terms of trade and the real exchange rate to the productivity improvement depends on various parameters, in particular, on the Armington elasticity. We identify three intervals for the Armington elasticity such that higher productivity in the home traded good appreciates the real value of the home currency in the low and high intervals, but depreciates it in the middle interval.
Quantitative analysis is use to estimate the productivity effect for different values of the Armington elasticity. One key finding is that the values of the elasticity required for the productivity improvement to cause a (small or large) depreciation or appreciation of the real exchange rate lie well within the range of estimates suggested in the macroeconomic literature. This result is not affected by relaxing the assumption (typically made in open-economy macroeconomic models) that the number of firms in each sector is fixed.
The paper's analysis thus provides a potential explanation of the empirical results that the effect of higher productivity in traded goods on the real exchange rate is often smaller than the share of nontraded goods (as predicted by the Balassa-Samuelson hypothesis), and sometimes even has the wrong sign. The paper suggests that variations in the Armington elasticity across trading partners or time periods could account for differences in the direction and the strength of the productivity effect.
As in the original Balassa-Samuelson analysis, the paper has focused on the longrun effects of productivity changes on the real exchange rate, and thus has abstracted from the role of nominal rigidities and the current account dynamics. There has also been much interest in the short-and medium-term effects of productivity shocks on the real exchange rate. Exploring the conditions that determine the pattern of the dynamic response of the real exchange rate to sectoral productivity shocks would be an interesting agenda for future research.
The appendix explains the derivation of equations (24), and (26)-(28). Let a bar denote the initial steady state value of a variable and a hat the log deviation around this value using a first-order log-linear approximation (i.e., ˆ( )/= − ). We set
(the same normalization is used for the foreign counterparts of these variables).
From (7)- (9) and (11), obtain
ˆˆˆ( )
ˆˆˆ( )
Now use (A2)-(A9) to express 
Also, (16) implies that
(A15)
Fixed Number of Firms
In this case ˆˆ0
under balanced trade and our normalizations, use (6) and (15) 
Use (A10)-(A12) and (A15)-(A17), to express (A14) as
Substitute the values of ŵ from (A13) and L from (A18) in (A1) to obtain
where ( 
Using similar steps to solve the foreign-economy counterpart of the model, derive * * * * * * * * * * * * * * * * * *ˆˆ( 
Endogenous Number of Firm
In this case, (14) and (18) 
Use (6), (19) and ( Also make use of (A10)-(A12), (A15) and (A24) to obtain ˆˆˆˆˆ( 
ˆˆˆˆˆ ( 
Subtract (A29) from (A30), and simplify to get equation (27) in the text. Equation (28) can be similarly derived from the foreign counterparts of (A29) and (A30). 
